Abstract A cluster point process model is considered for the analysis of fine-scale rainfall time series. The model is based on three Poisson processes. The first is a Poisson process of storm origins, where each storm has a random (exponential) lifetime. The second is a Poisson process of cell origins that occur during the storm lifetime, terminating when the storm finishes. Each cell has a random lifetime that follows an exponential distribution (or terminates when the storm terminates, whichever occurs first). During cell lifetimes, a third Poisson process of instantaneous pulses occurs. The model is essentially an extension of the well-known Bartlett-Lewis rectangular pulses model, with the rectangular profiles replaced with a Poisson process of instantaneous pulse depths to ensure more realistic rainfall profiles for fine-scale series. Model equations, derived in Cowpertwait et al. (2007) , are used to fit different sets of properties to a 60 year record of 5-min data taken from Kelburn, New Zealand. As in the previous work, two superposed processes are used to account for two main and distinct precipitation types (convective and stratiform). By treating the within-cell pulses as dependent random variables, it is found, by simulation, that improved fits to extreme values and the proportion of dry intervals are obtained.
INTRODUCTION
Neyman-Scott and Bartlett-Lewis rectangular pulse (NSRP and BLRP) models of rainfall have been widely studied over the last two decades since their initial development by Rodriguez-Iturbe et al. (1987) . These models (or variants) perform well in relation to observed statistical properties of rainfall series over a range of time scales from 1 h upwards-e.g. see Onof et al. (2000) for a general review on model developments up to 2000. Burton et al. (2008) review a range of applications, mainly for the NSRP model, which includes applications in urban hydrology and climate change studies.
The difference between the original NSRP and BLRP models is in the location of the rain cell origins relative to the storm origins, although up to second order level the two models have essentially equivalent statistical properties (Cowpertwait 1998) . In both models, rainfall intensity is a random variable that remains constant throughout the lifetime of a rain cell. Whilst this may seem unrealistic at very short time scales, it is adequate for many practical applications for time scales exceeding the lifetime of a typical rain cell (e.g. see Burton et al. 2008) .
For fine time scales (e.g. 5-min rainfall), which may be required for applications in urban hydrology, one approach has been to simulate 1-h series using a rectangular pulse model and then disaggregate the series using another stochastic model (e.g. see Cowpertwait et al. 1996 , or Onof et al. 2005 . However, in general it is preferable to have a single model that is capable of representing series over all time scales, thus providing a complete description of the physical process. In view of this objective, a model based on a Bartlett-Lewis process of cell origins was developed (Cowpertwait et al. 2007) . The model is essentially composed of three Poisson processes, representing storm, cell, and pulse arrivals where, instead of occurring in rectangular profiles, rain occurs in pulses of instantaneous random depths. Since the cell arrivals occur in a Bartlett-Lewis process, with pulses of depths occurring within cells, the model is referred to as the BLIP (Bartlett-Lewis Instantaneous Pulse) model, to distinguish it from the BLRP model. Whilst the results in fitting the BLIP model to data, given by Cowpertwait et al. (2007) , were encouraging, more empirical work was needed.
In the current paper, we report on a further empirical study that includes a special case previously untested on the BLIP model.
BLIP MODEL FORMULATION AND PROPERTIES
In defining the BLIP model, the terminology and notation of the previous paper is used (Cowpertwait et al. 2007 ): Let storm origins {T i } occur in a Poisson process of rate λ, where each storm has a random lifetime D i , where D i is an independent exponential random variable with parameter γ . During the lifetime of the ith storm, cell origins {T ij } occur in a further Poisson process with rate β, which terminates at the end of the storm lifetime, so
The point process {T ij } of cell origins is a Bartlett-Lewis process (Cox and Isham 1980) , and is equivalent to the starting times of the rectangles in the BLRP model. In addition, and also following the approach used for the BLRP model, let each cell have a random duration, L ij , which is taken to be an independent exponential random variable with parameter η. Now suppose that during a cell lifetime a further Poisson process of pulses {T ijk } occurs with rate ξ . The process of pulses is assumed to terminate with the cell or storm lifetime, whichever is the sooner, i.e. at min(T ij + L ij , T i + D i ). Associated with each pulse is an independent random variable representing rainfall depth, X ijk , generated by the pulse, so that the process {T ijk , X ijk } is a marked point process (Cox and Isham 1980) . Thus the pulse arrival process is composed of three Poisson processes, which should account for the rainfall variability over a wide range of time scales and be sufficient for most applications (e.g. see Koutsoyiannis 2002) .
In the BLIP model, there is no assumption that a cell origin occurs at the storm origin, or that a pulse occurs at a cell origin. Thus both storms and cells could have no rainfall. This is mainly for mathematical convenience and does not affect the generality of the model (but does affect the interpretation of the model parameters). In particular, λ is the rate at which storms occur, not just those that have non-zero rain, which is a suitable interpretation when rainfall is considered spatially, because a storm traversing a region may leave some points dry. A similar structure is built into the NSRP spatial-temporal model (Cowpertwait 1995) .
If we take X ijk to be an exponential random variable, the BLIP model has six parameters, summarised below, which is one more than the original BLRP model: λ -rate of storm origins β -rate of cell origins ξ -pulse arrival rate γ -1 -mean storm lifetime η -1 -mean cell lifetime θ 1 -mean pulse depth Observed rainfall records are usually available in aggregated form, so for model fitting the BLIP process needs to be aggregated to a discrete time series {Y i (h) } given by:
where X (t) is the depth of a pulse located at time t, and N(t) is the counting process of pulse occurrences. From equation (1), properties up to third order, and the proportion of dry intervals, were derived in the previous paper (Cowpertwait et al. 2007 ). The firstand second-order properties are cited below (for the longer expression of the third moment, see Appendix in Cowpertwait et al. 2007) :
In the above, the pulse depths may be taken to be independent exponential (θ ) random variables, so that E(
Similarly, expressions containing three pulse depths are easily obtained for the computation of the third moment function. In the fitting procedure that follows, we refer to fitted BLIP models obtained using this as "FIT-O", which stands for original specification (or "zerochange") since it is the approach used in the previous paper.
However, in the model formulation, pulse depths may be dependent. A straightforward way to model this is to take pulse depths within the same cell to be exponential random variables with a mean that varies from cell to cell. This can be achieved by taking the density function of X ijk to be e -x/μ j /μ j (x > 0), where the mean of pulse depths in the jth cell, μ j , is an exponential random variable with density θ e -θ y (y > 0). By integrating over the conditional distribution, we then obtain:
, and E(X 2 ijk X ijl ) = 12/θ 3 , which can be substituted into the model equations (2)- (4) and results in higher variability and skewness when compared with the equivalent expressions for FIT-O. Fitted BLIP models obtained using this "conditional" exponential distribution will be referred to as "FIT-C".
To account for distinct types of precipitation, e.g. convective and stratiform rain, independent BLIP processes may be superposed, in which case subscripts are placed on the parameters (Cowpertwait et al. 2007) . For example, λ 1 and λ 2 may represent the arrival rates for Type 1 and Type 2 storms, corresponding to stratiform (or frontal) and convective weather systems. Note that in the model (due to the assumption of independent processes made for mathematical tractability), storm, cells, and different storm types may all overlap. This is not unreasonable given that ground level rainfall represents the projection of effects occurring at different levels in the atmosphere. Properties from independent superposed processes are just obtained by aggregation of the above properties. For example, if there are n independent superposed BLIP processes, denoted BLIP i , with parameters λ i , β i , ξ i , γ i , η i , and θ i (i = 1, . . . , n), and if {Y (h) ij : j = 1, 2, . . .} is the aggregated rainfall series sampled over successive intervals of width h due to a BLIP i process, then the total rainfall in the jth time interval is the sum Y
Moment properties, up to order 3, of the superposed process are then obtained as the sum of the equivalent properties from each independent BLIP i process. The proportion of dry periods for a superposed process is obtained by multiplying the proportion dry for each independent BLIP i process. Superposing processes has the potential to introduce too many parameters into the model. In the fitting procedure below, we follow the previous paper by taking n = 2 to allow for convective and stratiform storm types. The storm types are defined by ordering the rate of storm arrivals such that λ 1 > λ 2 (Section 4.1).
FITTING PROCEDURES
For model fitting, it is convenient to define the following functions, which are formed from equations (2)-(4) and the third moment equation:
Coefficient of variation:
with different values of h. There are many possible combinations of equation (5) that could be used to fit the BLIP model to data. Denoting a model property above as f and the equivalent sample estimate asf , the fitting procedure in the previous paper, FIT-O, is based on minimising the following sum of squares:
where
For a given set of sample properties (f ) minimising equation (6) returns a set of estimated parameters:
for two storm types. The scale parameter θ is then estimated from the 1 hour sample mean rainfall (x) using:
Note that the mean for the superposed BLIP process is just obtained by adding the expectations in equation (2) for two independent BLIP processes corresponding to storms of types 1 and 2. It is assumed, partly for parameter parsimony, that the distributions of the pulse depths are the same for the different storm types. The estimation of θ in equation (7), which occurs after the other parameters have been estimated, ensures the model has an exact fit to the sample mean.
In equation (6), each model function (f ) is divided by the equivalent value from the sample (f ) to ensure that each fitted property receives equal weight. The sum contains the two terms f /f andf /f to reduce possible biases in the optimal solution (above or below the sample values) when exact fits to the estimates are not obtained. The same fitting procedure, equations (6) and (7), is used when the pulse depths follow a conditional exponential distribution (FIT-C), and again we assume that θ 1 = θ 2 = θ .
EMPIRICAL ANALYSIS

Data and parameter estimates
The data, which were provided by the New Zealand National Institute of Water and Atmospheric Research (NIWA), consist of a 60-year rainfall record of 5-min series taken from a site in Kelburn (near Wellington, New Zealand). Due to the limited accuracy in the recording device, the minimum non-zero observed rainfall was 0.010 mm, so all positive values were adjusted by 0.009999 to give a minimum non-zero rainfall close to zero (10 -6 ), providing a range of values suitable for fitting an exponential distribution to depth. Simulations of positive 5-min rainfall then require this value to be added back properly so that the overall rainfall mean level is matched exactly for each month.
The sample estimates (f ) in equation (6) were calculated for each calendar month in the series, by pooling all available data for the month over the 60-year record. For each month, the parameter estimates were obtained using the two model specifications: FIT-O and FIT-C. In the order of FIT-O and FIT-C by rows for each month, 11 parameter estimates {λ 1 ,β 1 ,ξ 1 ,γ 1 ,η 1 ,λ 2 ,β 2 ,ξ 2 ,γ 2 ,η 2 ,θ -1 } are listed by columns from left to right in Table 1 .
For both fitting procedures the properties used in fitting are closely matched, as was found in Cowpertwait et al. (2007) . In addition, by simulation, a good fit was also found to the sample properties of mean, coefficient of variation, skewness, and lag-1 autocorrelation at the 30-min aggregation level, and to the sample kurtosis at the 1/12, 1, 6, and 24 h aggregation levels (Xie 2011) .
Comparison of results
In Cowpertwait et al. (2007) , the distribution of the annual maxima, sampled at various aggregation levels from 5-min upwards from data simulated by the BLIP model, was found to provide a satisfactory fit to the observed distributions. However, recently, lack of fit to the observed distributions of extremes sampled at 5-min and 1-h aggregation levels was observed when the maxima were found for separate calendar months (for example, when the maxima were found for each year using only data for January). Hence, in this section, we focus on where discrepancies were found and highlight where using the conditional distribution for pulse depths provides an improvement. The full results can be found in Xie (2011) .
Using the estimates from FIT-O (Section 4.1), 200 samples, each of duration 60 years, of 5-min series were simulated. For each of the 200 samples, the annual maxima at the 5-min level were found for January of each year and ordered. The median, upper and lower fifth percentiles were found from the ordered 200 values and plotted against the reduced Gumbel variate along with the ordered values from the observed data (Fig. 1) . This procedure was repeated using the estimates obtained from FIT-C. In addition, the whole procedure was repeated for each calendar month. Figures 1 and 2 give example plots for January, April, June and November, representing the summer, autumn, winter, and spring (Southern Hemisphere), respectively.
In Figs 1 and 2 it is evident that FIT-C generates a better fit to the observed values. For FIT-O the pulse depths in each cell are independent and the distribution of a 5-min depth within a cell is approximately normal due to the high pulse rates, ξ . Given there are two storm types, this implies the overall distribution of 5-min depths within a cell is a mixed distribution which leads to the "steps" in the extreme value distribution shown in Figs 1 and 2 . However, for FIT-C, the mean pulse depth varies from cell to cell leading to a higher overall between-cell variability (when compared to FIT-O) in the 5-min rainfall depths in a cell. This increased between-cell variability results in the smoother curves seen in the figures for FIT-C and thus improves upon the results obtained for FIT-O.
For each of the 200 samples simulated using the estimates from FIT-O, the proportion of 5-min depths below 0.01 mm (proportion "dry", PD) were found for each month. The median of the 200 proportions and the upper and lower 2.5% percentiles were found and plotted against the month, along with the estimates from the observed series. This was repeated for each of the 200 samples simulated using the estimates from FIT-C. In addition, the procedure was repeated for PD below 0.1 mm at the 5-min aggregation level, and for PD below 0.01 mm and below 0.3 mm at the 1-h level (Fig. 3) .
For all these measurements of the dry proportion the results obtained from FIT-C improve upon those obtained using FIT-O, with the possible exception of the proportion below 0.01 mm for June, where a slightly better fit can be seen for FIT-O. Satisfactory fits to the observed PD of 5-min values below 0.1 mm, and the observed PD of 1-hour values below 0.3 mm are obtained for FIT-C (Fig. 3) .
CONCLUSIONS
The BLIP model has a flexible parameterisation that is capable of allowing for distribution of pulse depths to vary from cell to cell. When the mean within-cell pulse depth is given an exponential distribution, a significantly improved fit to both the proportion dry and extreme values is evident. The simulation results have provided strong evidence to confirm that FIT-C is an advantageous BLIP model specification. It is therefore essential to take advantage of this flexibility in model fitting, especially if the model is to be used in practical hydrological studies in which the properties of 5-min series are important.
